Abstract. We compute the conjugacy classes of elements and the character tables of the parabolic subgroups of Steinberg's triality groups 3 D 4 (q), where q is a power of an odd prime. Our main tools are Clifford theory applied to the Levi decomposition of the parabolic subgroups and the decomposition of restrictions of the unipotent characters of 3 D 4 (q). For many of the calculations we use the CHEVIE-package.
Introduction

Let
3 D 4 (q) be Steinberg's simple triality group defined over a finite field with q = p n elements, where p is a prime number and n is a positive integer. In . In this paper we construct the irreducible characters of the proper parabolic subgroups of 3 D 4 (q) in the case p > 2. Some of our methods are similar to those used by H. Enomoto and H. Yamada in [6] . We start by computing the characters of a Borel subgroup B of 3 D 4 (q). The conjugacy classes of B together with their fusions in 3 D 4 (q) have already been determined by M. Geck in [8] . We construct all irreducible characters of B by inducing linear characters from suitable subgroups of B.
Then, we make up the character tables of two maximal parabolic subgroups P and Q containing B. First, we compute the conjugacy classes of the elements of P and Q using the fusions of the conjugacy classes of B in 3 D 4 (q). Next, we construct the irreducible characters of P and Q using the following two methods.
First, we compute the orbits of P and Q on the irreducible characters of their unipotent radicals and determine the corresponding inertia subgroups. It turns out that both for P and for Q the number of these orbits does not depend on q. By inducing suitable characters of the inertia subgroups we obtain irreducible characters of P and Q. Secondly, we restrict the unipotent characters of 3 D 4 (q) to these two maximal parabolic subgroups and split off irreducible constituents.
Since up to conjugacy B, P , Q and 3 D 4 (q) are the only parabolic subgroups of 3 D 4 (q), this paper completes the task of determining the character tables of the parabolic subgroups of 3 D 4 (q) in the case p > 2. The applications we have in mind of the character tables of B, P and Q are to the study of the modular representation theory of the triality groups. In [9] , M. Geck has determined the decomposition numbers of 3 D 4 (q) in non-defining characteristic up to a few numbers in the principal block. Using methods like T. Okuyama and
Notation and Group Theoretical Properties of 3 D 4 (q)
We choose the notation similar to that in M. Geck [9] . Let Φ be a root system of type D 4 in some Euclidean space V , with basis ∆ = {r 1 , r 2 , r 3 , r 4 } of simple roots such that r 1 , r 3 and r 4 are orthogonal to each other, and let L be a simple complex Lie algebra of type D 4 . We fix a total ordering on Φ: Given r = 4 i=1 n i r i , s = 4 i=1 m i r i , (r, s ∈ Φ), we define r < s if the first non-vanishing difference m i − n i is positive. Those roots r = 4 i=1 n i r i ∈ Φ with n i ≥ 0 for i = 1, . . . , 4 are the positive roots. We choose a Chevalley basis {h r |r ∈ ∆} ∪ {e r |r ∈ Φ} of L in the same way as in [9] . In particular, we choose the sign of the integers N rs in [e r , e s ] = N rs e r+s for all extraspecial pairs of roots (r, s) ∈ Φ × Φ in the same way as in [9] , Table 2 .1 (see also [1] , Section 4.2).
Let q be a power of an odd prime p, F q the field with q elements, F its algebraic closure and G = x r (t)|r ∈ Φ, t ∈ F the Chevalley group over the field F constructed from the Lie algebra L. Then G is a simple adjoint algebraic group, defined over F q . Let ρ be the isometry of Φ which is given by r 1 → r 3 , r 3 → r 4 , r 4 → r 1 , r 2 → r 2 and linear extension. G has a graph automorphism (which is also denoted by ρ) sending x r (t) to x ρ(r) (t), and a field automorphism F q sending x r (t) to x r (t q ) for all r ∈ Φ and t ∈ F. Setting F := ρ • F q = F q • ρ we get G F = 3 D 4 (q). Fix an F -stable maximal torus T of G as in [9] , normalizing all root subgroups X r = {x r (t)|t ∈ F} of G. Each element h ∈ T can be written as a product h = h(t 1 , t 2 , t 3 , t 4 ) = 4 i=1 h ri (t i ) with t i ∈ F − {0} (see [1] , Section 7.1). Then F acts on T by F (h(t 1 , t 2 , t 3 , t 4 )) = h(t (r + ρ(r) + ρ 2 (r)) and call r, s ∈ Φ equivalent, if r 1 = s 1 . Each equivalence class consists either of one root fixed by ρ or of three roots
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cyclically permuted by ρ. Define α := 1 3 (r 1 + r 3 + r 4 ) and β := r 2 . The set Φ 1 := {r 1 |r ∈ Φ} is a root system of type G 2 (in the Euclidean subspace of V spanned by α and β) with basis {α, β} (α is the short root). For r ∈ Φ, t ∈ F let x r 1 (t) := x r (t) , if ρ(r) = r , t q = t, x r (t)x ρ(r) (t q )x ρ 2 (r) (t q 2 ) , if ρ(r) = r , t q 3 = t.
Then X r 1 := {x r 1 (t)|t ∈ F, t q = t} , if ρ(r) = r, {x r 1 (t)|t ∈ F, t q 3 = t} , if ρ(r) = r, is the root subgroup of G F corresponding to r 1 ∈ Φ 1 . For r ∈ Φ, let n r be the element in N := N G (T), given by [1] , Lemma 6.4.4 . Then N is generated by T and the elements n r for r ∈ ∆. We have a canonical homomorphism with kernel T from N onto W, the Weyl group of the root system Φ, mapping n r to the reflection w r of V at the hyperplane orthogonal to r. This allows us to identify W with N/T. As N and T are F -stable, this homomorphism induces an action of F on W. Define n r 1 := n r , if ρ(r) = r, n r n ρ(r) n ρ 2 (r) , if ρ(r) = r, for r ∈ Φ. Then N F is generated by T F and the elements n r 1 for r ∈ Φ, and there is a canonical homomorphism with kernel T F from N F to W 1 , the Weyl group of the root system Φ 1 . The action of W on T can be computed using [1] , Theorem 7.2.2. = h(t 1 , t 2 , t 3 , t 2 t −1 4 ) . We will use frequently the commutator relations and the relations describing the action of T F and W 1 on the root subgroups of 3 D 4 (q) given in [9] , Tables 2.2-2.4.
Define δ ∈ {1, −1} ⊆ Z by q ≡ δ mod 4. For any field K, we denote its multiplicative group by K × . Following [14] , we establish the following notation to parametrize conjugacy classes and characters: Let Q p ′ be the additive group of all rational numbers with a denominator not divisible by p. We fix an ismorphism of groups ϕ 1 : Q p ′ /Z → F × as in [2] , Proposition 3.1.3, and the embedding ϕ 2 :
s → e 2πir/s . (We describe the elements of Q p ′ /Z via representatives r s in Q p ′ (r, s ∈ Z, p |s)). Let φ n denote the n-th cyclotomic polynomial in q, in particular: φ 1 = q − 1, φ 2 = q + 1, φ 3 = q 2 + q + 1, φ 6 = q 2 − q + 1, φ 12 = q 4 − q 2 + 1. 
q n +1ξ n ξ n 1 (q n +1)(q−1)η n η n 1 (q n −1)(q+1)μ n µ n 1 φnφ n ϕ n 4 FRANK HIMSTEDT For any finite group H let (·, ·) H be the usual scalar product on the space of class functions of H and let Irr(H) be the set of (complex) irreducible characters of H. We denote the trivial character of H by 1 H or 1. If χ is a character of a subgroup H 1 of H we write χ H for the induced character, and if χ is a character of H we write χ H1 for the restriction of χ to the subgroup H 1 of H.
The Conjugacy Classes of
3 D 4 (q)
The conjugacy classes of G F = 3 D 4 (q) have been determined by D.I. Deriziotis and G.O. Michler in [4] (see also M. Geck [8] ). To fix notation and because we will use these conjugacy classes when restricting characters from 3 D 4 (q) to parabolic subgroups, we give a short description of these classes.
We call semisimple elements s 1 , s 2 ∈ G F equivalent if and only if their centralizers C G (s 1 ) and C G (s 2 ) are G F -conjugate. Let s 1 , s 2 be elements which are equivalent to each other. After conjugation in G F we can suppose C G (s 1 ) = C G (s 2 ) =: C. Then, s 1 and s 2 are contained in all maximal tori of C. Hence, we may always assume that two equivalent semisimple elements are contained in the same F -stable maximal torus of G.
For each F -stable maximal torusT there is g ∈ G such thatT g = T and
The action of F onT corresponds to the action of the map (F n −1 ) :
) for allt ∈T ) and this action is already determined by w := nT ∈ W = N (T)/T, so that we can write (F w −1 ) : T → T, t → w F (t). The G F -classes of F -stable maximal tori of G are parametrized by the F -conjugacy classes of W (cf. [2] , Proposition 3.3.3). Thus, we can describe the G F -classes of maximal tori of G F by the
j ) on T, where w j runs over a set of representatives for the F -conjugacy classes of W. We choose the representatives w j , j = 0, 1, . . . , 6 as in [4] , Table 1 .1, except for w 1 , which we replace by w 1 := w r2 for later use. (We may do this, because w −1 w r2 F (w) = w 1+2 by CHEVIE with w := w r2 w r1 w r3 w r2 w r4 w r2 w r1 w r3 and w 1+2 as in [4] .) The sets T j = T (F w −1 j ) are given by [4] , Table 1 .1, after replacing T 1 by
due to our choice of the representative w 1 . To fix a parametrization of the semisimple conjugacy classes, a set of representatives is given in Table A .1 in the Appendix (see [4] , Table 2 .1 or [8] , Tafel 3.6.3). Representatives for the unipotent classes of G F are contained in [9] , Table 3 .1, and a classification of the mixed conjugacy classes of G F is given in [4] , Table 2 .4. Representatives for the mixed classes can be obtained by computing the nontrivial unipotent conjugacy classes of the centralizers C G F (s) where s runs through a set of representatives for the nontrivial semisimple conjugacy classes of G F . We may assume s ∈T = g T where
is a preimage of one of the w j , j = 0, . . . , 6. Because of
F are G-conjugate. Hence, it suffices to determine the unipotent conjugacy 4 . In this section, we compute the irreducible characters of B. We construct these characters by inducing linear characters from subgroups of B. All scalar products of characters in this section have been computed using CHEVIE.
For convenience and to fix notation we give a short description of the conjugacy classes of B. The group B is the semidirect product of T = T F and the unipotent normal subgroup U = U F = X α X β X α+β X 2α+β X 3α+β X 3α+2β . The elements of T form a set of representatives for the semisimple conjugacy classes of B and we parametrize these classes according to Table A .4 are defined as subsets of the set S : 
The parameter set I 3 in Table A .4 is defined as follows: We call two elements
and only if there exist t, y ∈ F with t q−1 = 1, y q = y such that a ′′ = t(a ′ + y). Then, I 3 is defined as a set of representatives for the equivalence classes of this equivalence relation on I ′ . Now, we start to construct the irreducible characters of B. Let F q 3 be the unique subfield of F with exactly q 3 elements. For abbreviation, set τ :=ζ 3 and π :=ζ 1 = τ q 2 +q+1 such that τ and π are generators of
q + q be the trace function of the field extension F q 3 /F q . Fix nontrivial linear characters φ ′ , φ ′′ : F q 3 → C × of the additive group of F q 3 , such that φ ′ restricts nontrivially on F q and such that {r ∈ F q 3 |Tr(r) = 0} ⊆ ker(φ ′′ ). Let φ be the restriction of φ ′ to F q . Then (see Problem (2.1) in [13] ):
we set L(ν) := |{x ∈ F q 3 |f (x) = 0}| and
, where c G 1,j denotes the conjugacy class c 1,j of G := G F given in Table A .2 (for a proof of (3) and (4) see [8] , p. 97). Let U P := X β X α+β X 2α+β X 3α+β X 3α+2β and U Q := X α X α+β X 2α+β X 3α+β X 3α+2β . Each element in B can be written uniquely as
. The irreducible characters of B can be constructed as follows:
Inducing this character to B, we obtain B χ 2 (k). Similarly B χ 3 (k), k = 0, . . . , q 3 −2, is defined to be the induced character of the following linear character of C T (X β )U :
. Let B χ 4 be the character of B induced from the following linear character of U :
Let B χ 5 (k), k = 0, . . . , q − 2, be the character of B induced from the following linear character of C T (X α+β )U Q :
Let B χ 7 (k), k = 0, . . . , q − 2, be the character of B induced from the following linear character of C T (X 2α+β )U P :
Let B χ 12 (k), k = 0, . . . , q 3 − 2, be the character of B induced from the following linear character of C T (X 3α+β )U P :
2 + q, be the character of B induced from the following linear character of (
3 − 2, be the character of B induced from the following linear character of C T (X 3α+2β )X α X 2α+β X 3α+β X 3α+2β :
. It is not difficult to compute the values of the above characters using (1), (2) , (3) and (4) . We demonstrate how to determine the values of B χ 13 (k), k = 0, . . . , q 2 + q, on the conjugacy classes 
} is a set of representatives for the right cosets of (C T (X β ) ∩ C T (X 3α+β ))U P in B and for all
Hence by the definition of induced characters (see [13] , p. 62), the value of B χ 13 (k) on a conjugacy class of B with representative
By (2) we have
Hence the value of B χ 13 (k) on a conjugacy class of B with representative 
. This gives the values of B χ 13 (k) on the classes c 1,5 , c 1,10 , c 1,14 .
Because of We proceed to construct further irreducible characters of B. LetX α be the subgroupX α := {x α (s)|Tr(s) = 0} of order q 2 of the root subgroup X α . The linear characters
with β ∈ Irr(X α ) are the extensions of the linear character
of U P toX α U P . Hence, (6.17) in [13] implies ϕX α UP = β∈Irr(Xα) ϕ β . By the relations in Table 2 .3 in [9] , the centralizer C T (X α+β ) = {h(t, t)|t ∈ F × q } acts on {ϕ β | β ∈ Irr(X α )} by conjugation with exactly q+2 orbits: the orbit of ϕ 1 and q+1 orbits of size q − 1. Let {ψ 0 = ϕ 1 , ψ 1 , . . . , ψ q+1 } be a set of representatives for these orbits. Let (2) 
k=1 B χ 6 (k)) B = q + 1. Hence, the B χ 6 (k)'s are q + 1 distinct irreducible characters of B.
FRANK HIMSTEDT
Next, we construct the characters B χ 8 , B χ 9 , B χ 10 , B χ 11 . The linear characters ϕ k :
are invariant under the action of the involution h(1, −1) on Irr(U P ) and therefore extend to h(1, −1) U P . Hence, by (6.17) in [13] 
is the sum of 4 characters of degree [17] , Table 2 ). This gives us the remaining values of B χ 8 , B χ 9 , B χ 10 , B χ 11 in Table A . 6 .
Next, we construct the characters B χ 14 (k), B χ 15 (k). For k, l = 0, 1, let ϕ kl be the linear character of h(−1, −1) U P mapping Next, we construct the characters B χ 16 (k). For k = 1, . . . , q − 1, let ϕ k be the linear character of U P mapping
Hence, each ϕ x is the sum of two linear characters of U P . Let ϕ := x∈Fq ϕ x . Using (1), (2) and (3) 
of H := X α X 2α+β X 3α+β X 3α+2β (k = 0, 1) are invariant under the action of the involution h(−1, 1) on Irr(H) and therefore extend to h(−1, 1) H. Hence, by (6.17) in [13] , (ϕ 0 +ϕ 1 )
is the sum of 4 characters of degree (2) and (3) We would like to point out that we are not able to describe all values of the charac-
generically because an inspection of small values of q (q = 13) shows, that the values of these characters on the unipotent conjugacy classes c 1,
or a ′ and we do not have a generic description of these classes. For fixed q (not too large), there is no difficulty in computing the values of these characters on all conjugacy classes only using the above definition of these characters.
The Character Table of a Maximal Parabolic Subgroup P
Let P = B, n r1 , n r3 , n r4 be the F -stable maximal parabolic subgroup of G corresponding to the subset {r 1 , r 3 , r 4 } ⊆ ∆ and P := P F be the corresponding maximal parabolic subgroup of G F = 3 D 4 (q). Then, P is generated by B and n α and |P | = q 12 (q 6 − 1)(q − 1). In this section, we compute the conjugacy classes and the character table of P .
P is the semidirect product of the Levi complement L P = T F , X α , X −α and the unipotent radical U P := X β X α+β X 2α+β X 3α+β X 3α+2β . To compute the conjugacy classes of P we proceed in two steps: In the first step, we determine the conjugacy classes of L P , and in the second step we investigate the "splitting" of these classes when interpreting L P as the factor group P/U P .
The Levi complement
F is a finite group of Lie type of order |L P | = q 3 (q 6 −1)(q−1). The Weyl group W LP = w r1 , w r3 , w r4 of L P is elementary abelian of order 8 and has exactly two F -conjugacy classes with representatives w 0 = 1 and w 2 = w r1 w r3 w r4 (= −w r0 in the notation of [4] ). Thus, L P has exactly two L P -conjugacy classes 10 FRANK HIMSTEDT of F -stable maximal tori, and we can choose representatives T 0 = T and T 2 such that the corresponding maximal tori
2 ) as in [4] , Table 1 .1. Each semisimple element of L P is either central in L P or regular semisimple and a set of representatives for the conjugacy classes of semisimple elements of L P is given in Table 5 .1. 
The maximal torus T = T F acts transitively on X α − {1} by conjugation. Thus, L P has exactly one nontrivial unipotent conjugacy class and x α (1) is a representative. Using the Bruhat decomposition (see [2] , Theorem 2.5.14) and the relations in [9] , Tables 2.2-2.4, we get |C LP (x α (1))| = q 3 (q − 1). Table 5 . 2 The conjugacy classes of L P :
By [5] , 0.12 and 3.16 and the proof of [2] , Proposition 3.3.3 (applied to the connected F -stable algebraic group P) each semisimple element of P is conjugate in P to a semisimple element of L P . Thus, a set of representatives for the semisimple conjugacy classes of L P is also one for the semisimple conjugacy classes of P . We parametrize the semisimple conjugacy classes of P according to Table A.7.
The unipotent conjugacy classes of P can be computed using the relations in [9] , Tables 2.2-2.4, and using the fusions of the conjugacy classes of B in 3 D 4 (q), which have been determined by M. Geck in [8] , Tafel 3.8.1. Representatives for the mixed classes can be obtained by computing the nontrivial unipotent conjugacy classes of the centralizers C P (s) where s runs through a set of representatives for the nontrivial semisimple conjugacy classes of P . The parabolic subgroup P has exactly q 4 + q 3 + q 2 + 3q + 7 conjugacy classes. Representatives are given in Table A .8. Now, we start to construct the irreducible characters of P . Our main tool is Clifford theory applied to the Levi decomposition P = L P ⋉U P . By the Bruhat decomposition, each element x ∈ L P can be written uniquely as
In order to use Clifford theory, we collect some information about U P . Each element of U P can be written uniquely as
9 and, by [9] , Table 2 .2, the center, the derived subgroup and the Frattini subgroup of U P are all equal to X 3α+2β . The irreducible characters of U P can be computed similarly to those of extraspecial p-groups (cf. [12] , p. 562f). U P has exactly q 8 + q − 1 irreducible chararacters: q 8 linear characters χ φ1,φ2,φ3,φ4 defined by
induced from linear characters of the maximal abelian normal subgroup X 2α+β X 3α+β X 3α+2β of U P . The values of χ φ1 on the central elements are χ φ1 (x 3α+2β (d)) = q 4 φ 1 (d) and χ φ1 vanishes on all other elements.
The group P acts on Irr(U P ) by conjugation. For ψ ∈ Irr(U P ) let I P (ψ) := {x ∈ P | x ψ = ψ} be its inertia subgroup. We usually identify the inertia factor groupĪ P (ψ) := I P (ψ)/U P with the corresponding subgroup of L P . Choose ψ 0 , ψ 1 , ψ 2 , ψ 3 , ψ 5 ∈ Irr(U P ) as follows:
There is a linear character ψ 4 ∈ Irr(U P ), such that (a),(b),(c) are true:
(a) {ψ 0 , . . . , ψ 4 , ψ 5 } ist a set of representatives for the orbits P on Irr(U P ), (b) the inertia factor groupsĪ j :=Ī P (ψ j ), j = 0, 1, . . . , 5, have the orders:
. (c) the inertia factor groups are given by:
where n 4 is an involution with CĪ 4 (n 4 ) = n 4 and {h(t, 1,
is a cyclic normal subgroup of order
Proof: The q−1 characters χ φ1 ∈ Irr(U P ) (φ 1 ∈ Irr(F q )) differ only on the elements Table 2 .3, these elements are permuted transitively by L P . Thus, the q − 1 characters χ φ1 (φ 1 ∈ Irr(F q )) form one orbit under the action of L P . Hence,
. By comparing orders (using Bruhat decomposition), equality holds.
It is not difficult to prove the assertions aboutĪ 0 ,Ī 1 ,Ī 2 andĪ 3 . We demonstrate the computations forĪ 3 ; the calculations forĪ 0 ,Ī 1 andĪ 2 are similar. Each u ∈ U P can be written uniquely as
for all u ∈ U P which is equivalent with 
On the other hand, by the relations in [9] , Tables 2.2 and 2.3 it is straightforward to verify that x = h(t, 1) ∈Ī 3 for all t ∈ F with t q 2 +q+1 = 1. The elements x = x α (r)h(t 1 , t 2 )n α x α (s) ∈Ī 3 can be treated analogously. This proves the assertions aboutĪ 3 in (b) and (c).
Finally, we prove the assertions aboutĪ 4 . By Table A .8, exactly 6 conjugacy classes of P are contained in U P , i.e. the action of L P (by conjugation) on the conjugacy classes of U P has exactly 6 orbits. By Brauer's Permutation Lemma (Satz V.13.5 in [12] ), the action of L P on Irr(U P ) also has exactly 6 orbits. Thus, the action of L P on the set of linear characters of U P has exactly 5 orbits. AsĪ 0 , . . . ,Ī 3 have different orders, ψ 0 , . . . , ψ 3 are in different orbits under the action of L P . Summation over the size of these orbits shows, that the size of the missing orbit is q 3 (q 3 − 1)(q 2 − 1)/2 and hence, that the inertia factor group of a representative of this orbit has order 2(q 2 − q + 1). By Table 5 .1, L P has a cyclic subgroup
Let h be a generator of this subgroup. By the orders of the centralizers in Table A .8, there is a noncentral conjugacy class of U P which is invariant under h . By Brauer's Permutation Lemma, there is a nontrivial linear character ψ 4 of U P which is fixed by h. Hence,
is a cyclic normal subgroup ofĪ 4 of index 2. Let n 4 ∈Ī 4 be an involution. Then:
Once we have proved CĪ 4 (n 4 ) = n 4 , Proposition 5.3 will be established in full. Assume the contrary. Then, there would be an element of C LP (n 4 ) − {1}, whose order divides q 2 − q + 1. By the orders of the representatives and the centralizers in Tables 5.1 and 5 .2 (and because q 2 − q + 1 and (q 3 − 1)(q − 1) are relatively prime) it follows that n 4 would be central in L P . Thus,Ī 4 would be cyclic and there would be an element s of order 2(q 2 −q +1), which fixes a nontrivial linear character of U P . Again by the Permutation Lemma, there would be a non-central conjugacy class C of U P , which is fixed by the cyclic group S := s of order 2(q 2 − q + 1). By (13.8) in [13] , the element s would centralize an element of C, in particular a non-central element of U P . Because s has order 2(q 2 − q + 1), the semisimple element s would be contained in one of the conjugacy classes c 11,0 of P . But the rows corresponding to c 11,0 , c 11,1 in Table A . 8 show, that all elements of U P , which are centralized by such semisimple elements, are central in U P , a contradiction.
Using Proposition 5.3, we construct the irreducible characters of P . We proceed in two steps: In the first step, we construct all irreducible characters χ of P with Z(U P ) = X 3α+2β ⊆ ker(χ), i.e. in fact we compute the irreducible characters of P := P/Z(U P ). Our main tool in this step is the following Lemma:
Lemma 5.4. Let H 1 be an abelian normal subgroup of a finite group H and let K be a complement of H 1 in H. Let ψ 1 , . . . , ψ m be representatives for the orbits of H on Irr(H 1 ). For each i ∈ {1, . . . , m}, letĪ i be the intersection of K with the inertia subgroup of
G is irreducible and for each χ ∈ Irr(G) there is a unique i ∈ {1, . . . , m} and a unique ψ ∈ Irr(Ī i ) such that χ = (ψ ⋉ ψ i ) G .
Proof: This is probably well known. That ψ ⋉ ψ i is a character follows from the fact that H 1 is abelian. The other assertions follow from [13] , (6.11) and (6.17).
We apply the Lemma to the abelian normal subgroup U P /Z(U P ) = U P /X 3α+2β of P/Z(U P ) and its complement L P Z(U P )/Z(U P ), which we identify with L P . In the second step, we compute those irreducible characters of P covering ψ 5 (ψ 5 as in Proposition 5.3). For this, we use the restriction of the unipotent characters of 3 D 4 (q), which have been computed by Spaltenstein ([17] , Table 2 ). The first step: The character table of L P is given in Tables 5.5 and 5.6. The characters LP χ 3 (k, l), LP χ 4 (k) are (up to sign) generalized Deligne-Lusztig characters and their values can be computed by the character formula in [2] , Theorem 7.2.8. The characters LP χ 1 (k) are the linear characters of L P and their values can be computed directly. The characters LP χ 2 (k) are the products of the Steinberg character of L P with the linear characters (for detailed computations, see [11] , Abschnitt 4.3). Table 5 .5 Parametrization of the irreducible characters of L P :
Character Parameters
Number of Characters Table 5 .5) and obtain the irreducible characters P χ 1 (k), P χ 2 (k), P χ 3 (k, l), P χ 4 (k) of P . These are the irreducible characters of P covering ψ 0 = 1 UP .
By Proposition 5.3,Ī 1 is the semidirect product of the abelian normal subgroup
2 ) | t ∈ F, t q 3 −1 = 1}. By Lemma 5.4, I 1 has exactly q 3 irreducible characters: q 3 − 1 linear characters and one irreducible character of degree q 3 − 1. Again, by Lemma 5.4, P has exactly q 3 irreducible characters covering ψ 1 ∈ Irr(U P ), namely the q 3 − 1 characters (ψ ⋉ ψ 1 ) P , where ψ 14 FRANK HIMSTEDT runs through the linear characters ofĪ 1 , and (ψ ⋉ ψ 1 ) P , where ψ is the non-linear irreducible character ofĪ 1 . Hence, the irreducible characters of P covering ψ 1 are
. . , q 3 − 2 and P χ 6 := B χ 4 P . (We use the factor q 2 + q − 1 in the definition of P χ 5 only to get a simpler parametrization of these characters. Note, that q 2 + q − 1 and q 3 − 1 are relatively prime.) Analogously, P has exactly 2q irreducible characters covering ψ 2 : the characters
P , k = 0, . . . , q − 2, and P χ 8 (k) := B χ P 6 , k = 1, . . . , q + 1 (to see that the q − 1 distinct characters P χ 7 (k) are irreducible and cover ψ 2 one computes ψ P 2 and verifies ( P χ 7 (k), P χ 7 (k)) P = ( P χ 7 (k), ψ P 2 ) P = 1 for k = 0, . . . , q − 2). By Proposition 5.3,Ī 3 is the semidirect product of K := h (1, −1, 1, 1 
By the definition of B χ 13 (0), we have B χ 13 (0) P = P χ 9 + P χ 10 . By construction, P χ 9 , P χ 10 coincide on all conjugacy classes of P , except for the classes c 3,0 , . . . , c 3, 4 , where the values of P χ 9 , P χ 10 only differ in the sign. Hence, P χ 9 (x) = P χ 10 (x) = 1 2 B χ 13 (0) P (x) for all x ∈ P with x ∈ c 3,j . Let x j ∈ c 3,j for j = 0, . . . , 4. By the definition of induced characters, P χ 9 (x 0 ) =
. We get the character values P χ 9 (x 1 ), . . . , P χ 9 (x 4 ) from the conditions ( P χ 9 , P χ 1 (0)) P = ( P χ 9 , P χ 5 (0)) P = ( P χ 9 , P χ 7 (0)) P = 0 and ( P χ 9 , [ρ 2 ] P ) P ∈ Z, where [ρ 2 ] P is the restriction of the unipotent character [ρ 2 ] ∈ Irr( 3 D 4 (q)) to P (see [17] , Table 2 ). For k = 1, . . . , q 2 + q, we define P χ 11 (k) := B χ 13 (k) P . Then,
P χ 9 , P χ 10 , P χ 11 (k) are the irreducible characters of P covering ψ 3 ∈ Irr(U P ). I 4 is the semidirect product of H 1 := {h(t, 1, t −q , t q−1 ) | t ∈ F, t q 2 −q+1 = 1} and K := n 4 . By Lemma 5.4, we get: P has exactly (q 2 − q)/2 + 2 irreducible characters covering ψ 4 : namely P χ 12 := (1Ī 4 ⋉ ψ 4 ) P and P χ 13 := (εĪ 4 ⋉ ψ 4 ) P and the (q 2 − q)/2 irreducible characters (ψ ⋉ ψ 4 ) P , where ψ runs through a set S of representatives of the orbits of K on Irr(H 1 ) not containing 1 H1 . Let
)u → ϕ ik 6 ψ 4 (u) is an irreducible character of H, and we define P χ 14 (k) := ϑ P k . By construction, we have
The values of P χ 14 (k) can be determined as follows: P χ 14 (k) has degree q 3 (q 3 − 1)(q 2 − 1). Because of X 3α+2β ⊆ ker( P χ 14 (k)), the character P χ 14 (k) has the value q 3 (q 3 ) on the classes c 10,2 (i) with a suitable x 10 ∈ C independent from i and k. Furthermore, P χ 14 (k) vanishes on all other conjugacy classes. We get the x i 's and hence the remaining values of P χ 14 (k) from the conditions ( P χ 14 (k), P χ 1 (0)) = ( P χ 14 (k), P χ 2 (0)) = ( P χ 14 (k), P χ 5 (0)) = ( P χ 14 (k), P χ 7 (0)) = ( P χ 14 (k), P χ 9 ) = 0.
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Then, we get the values of P χ 12 and P χ 13 from the condition P χ 12 + P χ 13 = P χ 14 (0) analogously to the values of P χ 9 and P χ 10 . The characters P χ 12 , P χ 13 , P χ 14 (k) are the irreducible characters of P covering ψ 4 .
To construct the characters of P covering ψ 5 ∈ Irr(U P ), we use the unipotent characters 1, Table 2 . For any character χ of 3 D 4 (q), we denote its restriction to P by χ P . Let P χ 15 := [ε 1 ] P − P χ 1 (0)− P χ 5 (0) and P χ 21 (k) := B χ 17 (k) P , k = 0, . . . , q 3 − 2. Then, let P χ 16 := P χ 21 (0) − P χ 15 and P χ 22 (k) := P χ 4 (k) · P χ 15 , k = 0, . . . , q 3 .
Next, let P χ 17 :
where ′ means the sum over all different characters P χ 21 (k) with q 2 + q + 1|k, k = 0, (q 3 − 1)/2. Then, we set P χ 18 := P χ 21 ((q 3 − 1)/2) − P χ 17 . Finally, we set
. and
where ′′ is the sum over all different P χ 22 (k) with
Theorem 5.7. The character table of the parabolic subgroup P is given by Tables A.9 and A.10 in the Appendix.
Proof: Computing scalar products with CHEVIE, we see that P χ 1 (k), . . . , P χ 22 (k) are q 4 + q 3 + q 2 + 3q + 7 irreducible and pairwise different characters.
Corollary 5.8. For j = 0, . . . , 5 there exists θ j ∈ Irr(I j ) with (θ j ) UP = ψ j .
Proof: For j = 0, . . . , 4 this follows from Lemma 5.4. For ψ 5 it follows from the degree of of P χ 15 .
The Character Table of a Maximal Parabolic Subgroup Q
Let Q = B, n r2 be the F -stable maximal parabolic subgroup of G corresponding to the subset {r 2 } ⊆ ∆ and Q := Q F be the corresponding maximal parabolic subgroup of G F = 3 D 4 (q). Then, Q is generated by B and n β and |Q| = q 12 (q 3 − 1)(q 2 − 1). In this section, we determine the conjugacy classes and the character table of Q.
Q is the semidirect product of the Levi complement L Q = T F , X β , X −β and the unipotent radical U Q := X α X α+β X 2α+β X 3α+β X 3α+2β . The conjugacy classes of Q can be computed by the same methods as those that we have used for the conjugacy classes of P . The Levi complement
F is a finite group of Lie type of order |L Q | = q(q 3 − 1)(q 2 − 1). The Weyl group W LQ = w r2 of L Q has order 2 and w 0 = 1 and w 1 = w r2 are representatives for the F -conjugacy classes of W LQ . Thus, L Q has exactly two L Q -conjugacy classes of F -stable maximal tori, and we can choose representatives T 0 = T and T 1 such that the corresponding maximal tori
1 ) as in Section 3. The conjugacy classes of Q can be determined analogously to those of P by first determining the conjugacy classes of L Q and then investigating the splitting of these classes in Q. The parabolic subgroup Q has exactly q 4 + 2q 3 + q 2 + 3q + 7 conjugacy classes. Representatives are given in Tables A.11 and A.12.
We use Clifford theory applied to the Levi decomposition Q = L Q ⋉ U Q to construct the irreducible characters of Q. The structure of U Q is more complicated than the structure of U P because U Q has nilpotency class 3. It appears to be difficult to determine the character table and even the conjugacy classes of U Q generically. But we can compute those χ ∈ Irr(U Q ) with Z(U Q ) = X 3α+β X 3α+2β ⊆ ker(χ) and determine the number and degrees of the remaining irreducible characters of U Q .
We start with some group theoretical properties of U Q : Each u ∈ U Q can be written uniquely as Table 2 .2 show, that the center, derived subgroup and the Frattini subgroup of U Q := U Q /Z(U Q ) are equal to X 2α+β := X 2α+β Z(U Q )/Z(U Q ). The irreducible characters of U Q can be computed analogously to those of U P . We get: U Q has exactly q 6 + q 3 − 1 irreducible characters χ with Z(U Q ) ⊆ ker(χ), namely: q 6 linear characters χ φ1,φ2 defined by
and vanishing on all other elements of U Q . We get the number and degrees of the remaining irreducible characters of U Q as follows: Using the commutator relations in [9] , Table 2 .2, it is straightforward to verify that the derived subgroup of U Q is equal to X 2α+β X 3α+β X 3α+2β and that U Q /X 3α+2β has exactly q 6 +q 4 −1 conjugacy classes. Since X α+β X 2α+β X 3α+β X 3α+2β /X 3α+2β is a normal abelian subgroup of index q 3 of U Q /X 3α+2β , Ito's Theorem [13] , (6.15) and [13] , (2.7) imply that U Q /X 3α+2β has q 6 linear characters and q 4 − 1 irreducible characters of degree q 3 . By [9] , Tables 2.3 and 2.4, L Q acts transitively on Irr(Z(U Q )) − {1 Z(UQ) }. Hence, each irreducible character of U Q is conjugate (in Q) to some χ ∈ Irr(U Q ) with X 3α+2β ⊆ ker(χ). Thus, U Q has exactly q 6 + q 5 − 1 irreducible characters: q 6 linear characters and q 5 − 1 irreducible characters of degree q 3 . We choose φ ′ ∈ Irr(F q 3 ), φ ∈ Irr(F q ), π ∈ F × q as in Section 4 and we define ψ 0 , ψ 1 , ψ 3 ∈ Irr(U Q ) by: ψ 0 := χ 1,1 , ψ 1 := χ φ ′ ,1 and ψ 3 := χ φ ′ . Furthermore, we define linear characters ϕ 4 , ϕ 5 , ϕ 6 of X α+β X 2α+β X 3α+β X 3α+2β by mapping
respectively. Let ψ j := ϕ UQ j for j = 4, 5, 6. For ψ ∈ Irr(U Q ), let I Q (ψ) := {x ∈ Q | x ψ = ψ} be the inertia subgroup of ψ in Q and we usually identify the inertia factor groupĪ Q (ψ) := I Q (ψ j )/U Q with the corresponding subgroup of L Q . Proposition 6.1. There is a linear character ψ 2 ∈ Irr(U Q ), such that (a),(b),(c) are true:
(a) {ψ 0 , . . . , ψ 6 } ist a set of representatives for the orbits of Q on Irr(U Q ), (b) the inertia factor groupsĪ j :=Ī Q (ψ j ), j = 0, 1, . . . , 6, have the orders:
c) the inertia factor groups are given by:
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5.
Proof: By construction, ψ 0 , . . . , ψ 3 ∈ Irr(U Q ) and Z(U Q ) ⊆ ker(ψ 0 ), . . . , ker(ψ 3 ). Hence, we can interpret ψ 0 , . . . , ψ 3 as irreducible characters of U Q . Let Q := Q/Z(U Q ) and L Q := L Q Z(U Q )/Z(U Q ) (which we usually identify with L Q ). Using the decomposition Q =L Q ⋉ U Q , the assertions about ψ 0 , . . . , ψ 3 can be proved analogously to Proposition 5.3. The assertions about ψ 4 , ψ 5 , ψ 6 can be proved as follows:
, ker(ψ 6 ). Since ψ 4 (1) = ψ 5 (1) = ψ 6 (1) = q 3 , our classification of the irreducible characters of U Q implies ψ 4 , ψ 5 , ψ 6 ∈ Irr(U Q ) and ψ 4 , ψ 5 , ψ 6 are not conjugate to ψ 0 , . . . , ψ 3 . By Table A Table 2 ). By CHEVIE, we get (ψ By Proposition 6.1,Ī 1 is the semidirect product of the abelian normal subgroup H 1 := X β and K := {h(t, t 2 ) | t ∈ F, t q−1 = 1}. By Lemma 5.4,Ī 1 has exactly q irreducible characters: q − 1 linear characters and one irreducible character of degree q − 1. Again, by Lemma 5.4, Q has exactly q irreducible characters covering ψ 1 ∈ Irr(U Q ), namely Q χ 5 (k) := B χ 2 (k) P for k = 0, . . . , q − 2 and Q χ 6 := B χ 4 Q . Because ofĪ 2 = {1}, there is exactly one irreducible character Q χ 7 of Q, covering ψ 2 . Since Q χ 7 is induced by a linear character of U Q , it vanishes on all non-unipotent conjugacy classes of Q and on the unipotent classes c 1,2 , c 1,5 , c 1,6 ,  c 1,7 , c 1,9 , c 1,10 , c 1,12 , c 1,14 of Q, which are not contained in U Q . Because of X 2α+β X 3α+β X 3α+2β ⊆ ker( Q χ 7 ), the value of Q χ 7 on the classes c 1,0 , c 1,1 , c 1,3 is q(qFor k = 0, . . . , q−2, we define Q χ 14 (k) := B χ 7 (k) Q . Then, Z(U Q ) ⊆ ker( Q χ 14 (k)) and by computing scalar products, we see that Q χ 14 (k) is irreducible for all k = 0, (q − 1)/2. Hence, this gives us (q − 3)/2 different irreducible characters of Q covering ψ 3 . Next, we prove that ψ 3 extends to I 3 . We define the linear character ϕ :
of the subgroup N := X β X α+β X 2α+β X 3α+β X 3α+2β . After computing the character values, we see that ϕ U is an extension of ψ 3 to U (notice that ϕ U vanishes on all elements of U − N ). Corollary (8.16) and (11.31) in [13] imply that ψ 3 extends to I 3 . Hence, by (6.11) and (6.17) in [13] , there is a natural bijection between Irr(Ī 3 ) and the set of irreducible characters of Q covering ψ 3 . The character table ofĪ 3 is the same as the character table of SL 2 (q) and can be computed as in [16] 
2 )) Q = 2. Using (6.11) and (6.17) in [13] , the character table ofĪ 3 , the orthogonality relations for the character table of Q and the conditions Q χ 14 (0) = Q χ 10 + Q χ 11 and Q χ 14 ( q−1 2 ) = Q χ 8 + Q χ 9 , one can compute Q χ 8 , Q χ 9 , Q χ 10 , Q χ 11 explicitly. Then, we get the characters
. . , q, which are irreducible for k = 0, (q + 1)/2. Thus, we have constructed all irreducible characters χ of Q with X 3α+β X 3α+2β ⊆ ker(χ) except for the two characters Q χ 12 and Q χ 13 . We interpret the irreducible characters χ of Q with X 3α+β X 3α+2β ⊆ ker(χ) as the irreducible characters ofQ := Q/X 3α+β X 3α+2β . The values of Q χ 12 and Q χ 13 follow from (6.11) and (6.17) in [13] , the character table ofĪ 3 , the row and column orthogonality relations for the character table ofQ and the condition Q χ 15 ( Proof: Computing scalar products with CHEVIE, we see that Q χ 1 (k), . . . , Q χ 20 (k) are q 4 + 2q 3 + q 2 + 3q + 7 irreducible and pairwise different characters.
Corollary 6.3. For j = 0, . . . , 6 there exists θ j ∈ Irr(I j ) with (θ j ) UQ = ψ j .
Proof: For j = 0, . . . , 2 this follows from Lemma 5.4. For j = 3, . . . , 6 it follows from the degrees of Q χ 8 , Q χ 16 (k), Q χ 18 (k) and Q χ 19 (k).
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Appendix 
Notation Representative
|C Character Parameters Number of Characters 
FRANK HIMSTEDT
B χ 1 (k, l) 1 1 (−1) k (−1) k (−1) k (−1) k (−1) k (−1) k+l (−1) k+l (−1) k+l (−1) k+l B χ 2 (k) −1 −1 (q 3 − 1)(−1) k (q 3 − 1)(−1) k −(−1) k −(−1) k −(−1) k . . . . B χ 3 (k) q − 1 −1 . . . . . . . . . B χ 4 −(q − 1) 1 . . . . . . . . . B χ 5 (k) −q . . . . . . (−1) k (q 3 − 1) −(−1) k (q 3 − 1)(−1) k −(−1) k q+1 P k=1 B χ 6 (k) q . . . . . . . . . . B χ 7 (k) .k (q − 1) (−1) k (q − 1) −(−1) k −(−1) k B χ 13 (k) . . . . . . . . . . . 1 P k=0 B χ 14 (k) . . . . . . . (q − 1)(q 3 − 1) −(q − 1) −(q 3 − 1) 1 1 P k=0 B χ 15 (k) . . . . . . . −(q − 1)(q 3 − 1) q − 1 q 3 − 1 −1 q−1 P k=0 B χ 16 (k) . . . . . . . . . . . B χ 17 (k) . . (−1) k (q − 1) −(−1) k (−1) k (q − 1) −(−1) k −(−1) k . . . . B χ 18 . . 1 2 (q − 1)(q 3 − 1) − 1 2 (q 3 − 1) − 1 2 (q − 1) 1 2 − 1 2 q 2 δ 1 2 + 1 2 q 2 δ . . . . B χ 19 . . − 1 2 (q − 1)(q 3 − 1) 1 2 (q 3 − 1) 1 2 (q − 1) − 1 2 + 1 2 q 2 δ − 1 2 − 1 2 q 2 δ . . . . B χ 20 . . 1 2 (q − 1)(q 3 − 1) − 1 2 (q 3 − 1) − 1 2 (q − 1) 1 2 + 1 2 q 2 δ 1 2 − 1 2 q 2 δ . . . . B χ 21 . . − 1 2 (q − 1)(q 3 − 1) 1 2 (q 3 − 1) 1 2 (q − 1) − 1 2 − 1 2 q 2 δ − 1 2 + 1 2 q 2 δ . . . .
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i) c5,1(i) c5,2(i) c5,3(i) B χ 1 (k, l) (−1) k+l (−1) l (−1) l (−1) l (−1) l (−1) l ϕ ik 3 ϕ ik 3 ϕ ik 3 ϕ ik 3 B χ 2 (k) . . . . . . . . . . B χ 3 (k) . (−1) k (q − 1) −(−1) k (−1) k (q − 1) −(−1) k −(−1) k ϕ − q 2 +q 2 ik 3 (q − 1) −ϕ − q 2 +q 2 ik 3 ϕ − q 2 +q 2 ik 3 (q − 1) ϕ − q 2 +q 2 ik 3 (q − 1) B χ 4 . . . . . . . . . . B χ 5 (k) −(−1) k . . . . . . . . . q+1 P k=1 B χ 6 (k) . . . . . . . . . . B χ 7 (k) . (q 3 − 1)(−1) k (q 3 − 1)(−1) k −(−1) k −(−1) k −(−1) k . . . . B χ 8 . − 1 2 (q 3 − 1)(q − 1) 1 2 (q 3 − 1) 1 2 (q − 1) − 1 2 (q 2 + 1) 1 2 (q 2 − 1) . . . . B χ 9 . 1 2 (q 3 − 1)(q − 1) − 1 2 (q 3 − 1) − 1 2 (q − 1) 1 2 (q 2 + 1) − 1 2 (q 2 − 1) . . . . B χ 10 . − 1 2 (q 3 − 1)(q − 1) 1 2 (q 3 − 1) 1 2 (q − 1) 1 2 (q 2 − 1) − 1 2 (q 2 + 1) . . . . B χ 11 . 1 2 (q 3 − 1)(q − 1) − 1 2 (q 3 − 1) − 1 2 (q − 1) − 1 2 (q 2 − 1) 1 2 (q 2 + 1) . . . . B χ 12 (k) −(−1) k . . . . . (q − 1)ϕ ik 3 (q − 1)ϕ ik 3 −ϕ ik 3 (q − 1)ϕ ik 3 B χ 13 (k) . . . . . . (q − 1) 2 ϕ ik 3 −(q − 1)ϕ ik 3 −(q − 1)ϕ ik 3 (q − 1) 2 ϕ ik 3 1 P k=0 B χ 14 (k) 1 . . . . . . . . . 1 P k=0 B χ 15 (k) −1 . . . . . . . . . q−1 P k=0 B χ 16 (k) . . . . . . . . . . B χ 17 (k) . . . . . . q(q − 1)ϕ ik 3 . . −c5,4(i) c6,0(i) c6,1(i) c7,0(i) c7,1(i) c8,0(i) c8,1(i) c9,0(i) c9,1(i) c10,0(i) c10,1(i) c11,0(i) c11,1(i) c12,0(i, j) B χ 1 (k, l) ϕ ik 3 ζ ik+2il 1 ζ ik+2il 1 ζ ik+il 1 ζ ik+il 1 ζ il 1 ζ il 1 ζ 2ik 3 ζ il 1 ζ 2ik 3 ζ il 1 ζ ik 3 ζ il 1 ζ ik 3 ζ il 1 ζ ik 3 ζ ik 3 ζ ik 3 ζ jl 1 B χ 2 (k) . (q 3 − 1)ζ ik 1 −ζ ik 1 . . . . . . . . . . . B χ 3 (k) −ϕ − q 2 +q 2 ik 3 . . . . . . ζ ik 3 (q − 1) −ζ ik 3 . . . . . B χ 4 . . . . . . . . . . . . . . B χ 5 (k) . . . (q 3 − 1)ζ ik 1 −ζ ik 1 . . . . . . . . . q+1 P k=1 B χ 6 (k) . . . . . . . . . . . . . . B χ 7 (k) . . . . . (q 3 − 1)ζ ik 1
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,φ in the representatives for the conjugacy classes of type c 1,9 runs through the set I 3 with |I 3 | = q + 1. The parameter set I 3 is defined in Section 4).
h3x α+β (1)x 3α+β (ζ) 2q Table A .9 Parametrization of the irreducible characters of P . Character Parameters Number of Characters 
